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Abstract
In this note, the spectral characterization of generalized projections are established.
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Let H be a Hilbert space and B(H) the set of all linear bounded operators on
H. In this note, a further properties of generalized projections are studied.
Definition 1. A ∈ B(H) is said to be a generalized projection if A2 = A∗, where
T ∗ is the adjoint of T .
The notation of generalized projections on a finite dimensional Hilbert space
introduced by Groß and Trenkler [4]. In this note, the concept of generalized pro-
jections is extended on B(H), where H is not necessarily finite dimensional. Groß
and Trenkler in [4] have asserted that a square complex matrix K is a generalized
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projection if and only if (1) K = K4, (2) K is normal (KK∗ = K∗K) and (3) K is
a partial isometry. Baksalary and Liu in [2] have verified that one of the conditions
(2) and (3) can be deleted. In [1], the linear combinations of generalized projections
have been established. In this note, the spectral characterizations of generalized pro-
jections are obtained by using spectral theory of operators (see [3,5]). The spectral
characterization will lead us to understand of the geometry structure of generalized
projections.
In this note, we will prove the following theorem.
Theorem 2. Let A ∈ B(H). Then A is a generalized projection if and only if A
is a normal operator and σ(A) ⊆ {0, 1, e±i 23π }. In this case, A has the following
spectral representation
A = 0E(0)⊕ E(1)⊕ ei 23πE(ei 23π )⊕ e−i 23πE(e−i 23π ), (1)
where E(α) denotes the spectral projection associated with a spectral point α ∈
σ(A) and E(α) = 0 if α /∈ σ(A).
To complete the proof, we first recall some notations. For an operator T , the
range, the null space and the spectrum of T are denoted by R(T ), N(T ) and σ(T ),
respectively. An operator N ∈ B(H) is said to be normal if N∗N = NN∗. If N is a
normal operator, then there exists a unique spectral measure E on the Borrel subsets
of σ(N) such that N has the following spectral representation (see [3])
N =
∫
σ(N)
λ dEλ.
An operator A ∈ B(H) is said to be idempotent if A2 = A. An operator P ∈
B(H) is said to be an orthogonal projection if P 2 = P = P ∗.
Proof of Theorem 2. If A2 = A∗, then
AA∗ = A3 = A2A = A∗A,
this shows that A is normal.
Let A = ∫
σ(A)
λ dEλ be the spectral representation of A, then A∗ =
∫
σ(A)
λ dEλ.
By the assumption of that A is a generalized projection, A2 = A∗, we have
A2 − A∗ =
∫
σ(A)
(λ2 − λ) dEλ = 0.
Hence, λ2 = λ for all λ ∈ σ(A). If λ ∈ σ(A) and λ /= 0, and denote λ = reiθ with
−π < θ  π , then r2e2iθ = re−iθ and r /= 0, so
reiθ = e−2iθ .
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Hence, r = 1 and 1 = e−3iθ . This shows that −3θ = 2kπ for an integer k. Ob-
serving that −π < θ  π , we obtain
−3π < 3θ  3π,
thus k ∈ {0,−1, 1}. If k = 1, then 3θ = 2π , so θ = 23π . If k = −1, then 3θ = −2π ,
so θ = − 23π . If k = 0, then 3θ = 0, so θ = 0. Therefore
σ(A) ⊆
{
0, 1, e±i
2
3π
}
. (2)
Denote by E(α) the spectral projection of the normal operator A associated with
spectral point {α}, then E(α), α ∈ σ(A), are orthogonal projections and mutual
orthogonal, and
A = 0E(0)⊕ E(1)⊕ ei 23πE(ei 23π )⊕ e−i 23πE(e−i 23π ),
where E(α) /= 0 if α ∈ σ(A), E(α) = 0 if α ∈ {0, 1, e±i 23π } \ σ(A) and ∑α∈σ(A)⊕
E(α) = I (see [3]).
Conversely, assume that an operator A is normal and σ(A) ⊆ {0, 1, e±i 23π }. Then
A has the following form
A = 0E(0)⊕ E(1)⊕ ei 23πE(ei 23π )⊕ e−i 23πE(e−i 23π ),
where E(α) /= 0 if α ∈ σ(A), E(α) = 0 if α ∈ {0, 1, e±i 23π } \ σ(A) and ∑α∈σ(A)⊕
E(α) = I . Thus
A2 = 0E(0)⊕ E(1)⊕ ei 43πE
(
ei
2
3π
)
⊕ e−i 43πE
(
e−i
2
3π
)
= 0E(0)⊕ E(1)⊕ e−i 23πE
(
ei
2
3π
)
⊕ ei 23πE
(
e−i
2
3π
)
= A∗,
that is, A is a generalized projection. 
Remark. If A is a generalized projection, in general, the spectrum σ(A) is not
necessarily equal to the whole set {0, 1, e±i 23π }. That σ(A) is a proper subset of
{0, 1, e±i 23π } is possible. If a number λ ∈ {0, 1, e±i 23π } is not been contained in σ(A),
then the term of the formula (1) associated with λ can be omitted. For example,
σ(A) = {1, ei 23π }, then the formula (1) has been changed by
A = E(1)⊕ ei 23πE
(
ei
2
3π
)
,
where E(1)⊕ E(ei 23π ) = I .
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The following consequences are immediate.
Corollary 3. Let A ∈ B(H) be a generalized projection.
(1) The rangeR(A) is closed andA|R(A) as a restriction ofA onR(A) is a unitary
on R(A).
(2) A4 = A and A3 is an orthogonal projection on R(A).
Corollary 4. Let A ∈Mn×n be a n× n matrix. If A2 = A∗, then there exists a
unitary matrix U ∈Mn×n such that UAU∗ is a diagonal matrix and
UAU∗ = 0In1 ⊕ In2 ⊕ ei
2
3πIn3 ⊕ e−i
2
3πIn4 ,
where n =∑4i=1 ni, 0  ni  n and Ini is the identity on a suitable ni-dimensional
complex space, i = 1, 2, 3, 4.
Similar to [2], denote
(1) B(H)GP = {K ∈ B(H) : K2 = K∗},
(2) B(H)QP = {K ∈ B(H) : K4 = K},
(3) B(H)P I = {K ∈ B(H) : K is a partial isometry},
(4) B(H)N = {K ∈ B(H) : KK∗ = K∗K}.
It is obvious that each operator set B(H) mentioned above is unitary invariant,
that is, if K ∈ B(H) and U is a unitary in B(H), then UKU∗ ∈ B(H).
We will prove that the theorem in [2] also holds for an infinite dimensional Hilbert
space. Meanwhile, the proof here is different from [2].
To this end, we need a lemma.
Lemma 5. Let D ∈ B(H) be an idempotent. If ‖D‖  1, then D is an orthogonal
projection.
Proof. If D is an idempotent, then D has the following operator matrix form
D =
(
I D1
0 0
)
with respect to the space decomposition H = R(D)⊕R(D)⊥. Thus
DD∗ =
(
I +D1D∗1 0
0 0
)
.
It is clear that
‖D‖2 = ‖DD∗‖ = ‖I +D1D∗1‖ = 1 + ‖D1‖2.
If ‖D‖  1, then D1 = 0, so D is an orthogonal projection on R(D). 
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Theorem 6. Let A ∈ B(H). The following statements are equivalent.
(1) A ∈ B(H)GP .
(2) A ∈ B(H)QP ∩B(H)P I ∩B(H)N .
(3) A ∈ B(H)QP ∩B(H)N .
(4) A ∈ B(H)QP ∩B(H)P I .
Proof. (1)⇒(2). If A ∈ B(H)GP , by Theorem 2 A has the following form
A = 0E(0)⊕ E(1)⊕ ei 23πE(ei 23π )⊕ e−i 23πE(e−i 23π ),
where E(λ) /= 0 if λ ∈ σ(A) and E(λ) = 0 if λ ∈ {0, 1, ei 23π , e−i 23π } \ σ(A). There-
fore,
A4 = 0E(0)⊕ E(1)⊕ ei 83πE(ei 23π )⊕ e−i 83πE(e−i 23π )
= 0E(0)⊕ E(1)⊕ ei 23πE(ei 23π )⊕ e−i 23πE(e−i 23π )
= A.
Observing that A∗ = 0E(0)⊕ E(1)⊕ e−i 23πE(ei 23π )⊕ ei 23πE(e−i 23π ), then
A∗A = 0E(0)⊕ E(1)⊕ E(ei 23π )⊕ E(e−i 23π ), it is an orthogonal projection on the
subspace E(1)⊕ E(ei 23π )⊕ E(e−i 23π ), so A is a partial isometry. Finally,
AA∗ = 0E(0)⊕ E(1)⊕ E
(
ei
2
3π
)
⊕ E
(
e−i
2
3π
)
= A∗A,
this shows that A is normal. So A ∈ B(H)QP ∩B(H)P I ∩B(H)N .
(2)⇒(3). It is clear.
(3)⇒(4). If A ∈ B(H)QP ∩B(H)N , then A is normal and A4 = A. So σ(A) ⊆
{λ : λ4 = λ} = {0, 1, ei 23π , e−i 23π } by the spectral mapping theory and, hence,
A = 0E(0)⊕ E(1)⊕ ei 23πE
(
ei
2
3π
)
⊕ e−i 23πE
(
e−i
2
3π
)
,
whereE(λ) is the spectral projection associated with λ ∈ σ(A) and if λ ∈ {0, 1, ei 23π ,
e−i 23π } \ σ(A), then E(λ) = 0 (see [3]). It is obvious that A is a partial isometry.
(4)⇒(1). If A4 = A, then σ(A) ⊆ {λ : λ4 = λ} = {0, 1, ei 23π , e−i 23π }, hence each
spectral point λ ∈ σ(A) is a simple pole of the resolvent operator (αI − A)−1, α ∈
C \ σ(A). Denote by F(λ) the Riesz projection of A associated with λ ∈ σ(A), then
F(λ) = 1
2π i
∫
Cλ
(αI − A)−1 dα
by the functional calculus of operators, where Cλ is a smooth closed curve of the
complex plane C with λ “interior” to Cλ and σ(A) \ {λ} “exterior” to Cλ (see [3] or
[5] (p. 204)). As well-known, F(λ) is an idempotent. Therefore,
A = 0F(0)F(1)ei 23πF
(
ei
2
3π
)
e−i 23πF
(
e−i
2
3π
)
,
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where  denotes the algebraical direct sum, F(λ) /= 0 if λ ∈ σ(A) and F(λ) = 0 if
λ ∈ {0, 1, ei 23π , e−i 23π } \ σ(A).
Moreover, A is a partial isometry, then ‖F(λ)‖  1 for λ ∈ {0, 1, ei 23π , e−i 23π }, so
F(λ) is a non-zero orthogonal projection if λ ∈ σ(A) or F(λ) = 0 if λ ∈ {0, 1, ei 23π ,
e−i 23π } \ σ(A) by Lemma 5. Furthermore,
A = F(1)⊕ ei 23πF (ei 23π )⊕ e−i 23πF (e−i 23π ),
it is clear that
A2 = A∗. 
Acknowledgments
A part of this paper was written while the first author visited Department of
Mathematics and Statistics of University of New Hampshire during the summer of
2004, he would like to thank the faculty and administration of those units for their
warm hospitality. Specially, the first author wants to express his gratitude to Professor
Liming Ge for his useful suggestions and comments. The authors are grateful to the
referee for his constructive suggestions.
References
[1] J.K. Baksalary, O.M. Baksalary, On linear combinations of generalized projectors, Linear Algebra
Appl. 388 (2004) 17–24.
[2] J.K. Baksalary, X. Liu, An alternative characterization of generalized projectors, Linear Algebra Appl.
388 (2004) 61–65.
[3] J.B. Conway, A Course in Functional Analysis, second ed., Springer-Verlag, 1990.
[4] J. Groß, G. Trenkler, Generalized and hypergeneralized projectors, Linear Algebra Appl. 364 (1997)
463–474.
[5] R.V. Kadison, J.R. Ringrose, Fundamentals of the Theory of Operator Algebras, vol. I, Academic
Press, 1983.
